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Complete Solutions to Exercises 5.5

1. Read off the coefficients of x, y, zand w. The coefficients of x are the entries in the first
column of standard matrix A, coefficients of y are the entries in the second column of
standard matrix A, etc.

11 1 1 2 3
a) A= b) A= c) A=
(a) sz () A=| _J ©) [1 _5j
1 1 1 2 -1 0
dA=|1 -1 -1 (e) A=|4 -1 3
2 1 -1 7 -1 -1
1 -1 1 -3 0 000
-1 3 -7 -1 0 00O
f) A= A= =0
) 9 5 6 12 ©) 0 00O
1 0 0 O 0 00O
2. We use the standard basis e, e,, e,, ---, €, in each case because we need to find the

standard matrix.

- 1
(@) Wearegiven T [@D =[ Xy j Applying this linear transformation to e, = (Oj and

X+2y
0) .
e, = 1 gives

rie)={ (o)) -{s+2(0) (2
1e=7((; )< (ovz) (3

What is the standard matrix A equal to in this case?

By Proposition (5-17) we have A = (T (e.) ‘ T (ez)) which IS A = G _;j

3
(b) The given transformation is T [@)] :( 5X

1 0) .
e = 0 and e, = L gives

y]. Applying this linear transformation to
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X

X—y—12
(c) We are given the transformation T| | y :( Y j.The standard basis in 0° is
X+Yy+1z
1 0 0
e,=0|, e,=1| and e, =| 0 |. Applying the given linear transformation to these vectors
0 0 1
gives
L 1
T(e,)=T||0 :[j
1
0
0 1
T(e,)=T||1 =( j
1
0
0 1
T(e;)=T||O :[ J
1

What is the standard matrix A equal to?
By Proposition (5-17) we write these as the first, second and last columns of matrix A:

. 1 -1 -1
A:(T(el) T(e,) | T(eg)) gives Az[l . J
X 0
(d) We are given T|| y | |=| O |. The standard basis in [1°® is
z 0

1 0 0
e,=/0],e,={1] and e, =|0
0 0 1
Applying the given linear transformation to these vectors gives
1 0
T(e,)=T||0]||=|0
0 0
0 0
T(e,)=T||1]|=|0
0 0
0 0
T(e;)=T||0]|=|0
1 0

What is the standard matrix A equal to?
By Proposition (5-17) we write these as the first, second and last columns of matrix A:
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0 0O
A=(T(el) ‘ T(e,) | T(eg)) gives A=|0 0 0|=0
0
X —-3x—-5y -6z
(e) We are given the linear transformation T| | y | |= —2x+7y+521 Applying the given
z
linear transformation to the standard basis for [ °* which are {e, e,, e;}:
1 -3(1)-5 6(0)) (-3
T(e,)=T||0]||=|-2(1)+7 5(0) ( -2
0 0
0 3(0)—5(1)—6(0 -5
T(e,)=T||1]||=|-2(0)+7(1)+5(0) |=| 7
0 0
0 -3(0)-5(0)-6(1) -6
T(e,)=T||0||=|-2(0)+7(0)+5(1) |=| 5
1 0 0

What is the standard matrix A equal to?
By Proposition (5-17) we write these as the first, second and last columns of matrix A:

-3 -5 -6
A=(T(e) | T(e,) | T(e;)) gives A=| -2 7 5
0O 0 O
a b
3. Since T: 0% —[1° so matrix A must be of size 3by 2. Let A=| ¢ d |. We have
f g

_|
TN
TN
o -
~—_
~—
Il
- 0O D - 0O O

Hence A=

w N
o 01 b~

4. We have the basis B = {1, 1-x, (1— x)z} . Applying the linear transformation to these

basis vectors and expressing the answers in terms of the C ={1, x} axes:
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!

T(1)=(1) =0=0(1)+0(x)
T(1-x)=(1-x) =-1=-1(1)+0(x)
T([l—x]2)=([1—x]2)' = 2(1-x)=—-2+2x=-2(1)+2(X)
The matrix A is given by A =[8 _(1) _ij Next we write 2x* +3x+1 in terms of

B={L 1-x (1-x)'}:

2x* +3x+1=2(1- x)2 —-7(1-x)+6(1)
Hence we have

Using these results we have
T (2% +3x+1) =3+4x

5. (a) We are given the bases B={1, x, x*, x*} and C={1, x, X’} for the transformation
T (p) =p". Applying the given linear transformation to the vectors in basis

Bz{l, X, X2, x3}we have

T(xs)z(xs)’=3x2
We need to write each of these above as the coordinates of the basis C:{l, X, xz}:
T(1)=0=a(1)+b(x)+c(x*) gives a=0 b=0 and c=0
T (x )=1=d() ( )+ f(x*) gives d =1, e=0 and f =0
T(x ): x) i(x*) gives g=0, h=2 and i=0

T(x*)=3 (x)+1(x*) gives j=0, k=0 and =3
What is our matrix A equal to’)

([T e | ITO0L. | [T 0,
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Using this matrix Ato find T (p) where p =—-1+3x—7x*—2x® we have coefficients of the

basis B={L x, X*, x’jandare -1, 3, —7 and —2 respectively therefore

-1
3
Ple=|
2
1
010 0) 3
[T(P)].=Alp),={0 0 2 0f |=|-14
000 3 6
2

The entries 3, —14 and —6 in the Right Hand column vector are the coefficients of the basis
C={L x, x’} which means that we have

T(-1+3x-7x" - 2x*) =3(1)-14(x) - 6(x* ) =3-14x - 6x’
Thus T (—1+ 3IX—7x2 — 2x3) =3-14x—6x>. You may check this by differentiating the given
function, that is (—1+ 3X—7x2 —2%° )' =3-14x—6X°.
(b) We are given the bases B={1, x, x*, xX’}and C={x’, x, 1} for the transformation

T (p) =p". Applying the given linear transformation to the vectors in basis

B={1, X, X%, x3}which is identical to part (a) so we have the same answers:
T(1)=1=0, T(x)=x =1, T(xz)z(xz)’:ZX and T(x3)=(x3)'=3x2
We need to write each of these above as the coordinates of the basis C ={x2, X, 1}:
T(l):Oza(x2)+b(x)+c(1) gives a=0 b=0 and c=0
T(x)=1=d(x*)+e(x)+ f (1) gives d=0, e=0 and f=1
T(x*)=2x=g(x*)+h(x)+i(1) gives g=0, h=2 and i=0
T(x*)=3x"=j(x*)+k(x)+1(1) gives j=3, k=0 and 1=0
What is our matrix A equal to?
AL [Tl | [P0, [ [0

d

a
b e
c f
-1
3
As part (a) we have [p], = {7} :

2



Complete Solutions to Exercises 5.5 6

000 3 _; 6
[T(p):IC=A[p]B= 0020 7 _14
0100 3

-2

The entries —6, —14 and 3 in the Right Hand column vector are the coefficients of the basis
C={x*, x, 1} which means that we have

T (—1+3x=7x* = 2x°) =—6(x* ) —14(x)+3(1) = —6x* 14X +3
Thus T (—1+3x—7x* = 2x°) = —6x* ~14x+3.
(c) We are given the bases B={x*, x’, x, 1}and C={1, x, x*}for the transformation
T(p)=p’. Applying the given linear transformation to the vectors in basis
B={x’, x*, x, 1} we have

T(x?’):(x3)' =3x?, T(xz):(xz)' =2x, T(x)=x"=1and T(1)=1=0

We need to write each of these above as the coordinates of the basis C = {1, X, xz}:

T(x*)=3x"=a(1 +¢(x*) gives a=0 b=0 and c=3
T(x*)=2x=d(1 f( ?) gives d =0, e=2 and f =0
T(x)=1=g(1 (xz) gives g=1 h=0 and i=0
T(1)=0=j(1 +I(x2) gives j=0, k=0 and 1=0

What is our matrix A equal to?

A=([T ()],

a d g ] 0 010
=lb e h k|=|0 2 0 O
c f i1 3 000
Using this matrix A to find T( 1+3x-7x° 2x)we have coefficients of the basis
-2
3 2 - _7
B={x’, x*, x, 1} are -2, —7, 3 and —1 respectively therefore [p], = 2l
-1
-2
0010 : 3
[T(p)]. =A[p],=|0 2 0 0 5|7 14
3000 L -6

The entries 3, —14 and —6 in the Right Hand column vector are the coefficients of the basis
C={L x, x’} which means that we have

T (—1+3x=7x" —2x*) =3(1)~14(x) - 6(x* ) =3-14x -6’
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Thus T(—1+3x—7x2 —2x3) —3-14x—6X2.

Note that in each case we have a different matrix. This means that even changing the order of
the basis vectors gives a different matrix.

6. We are given T [(XD = £X+ yj and we need to find the transformation matrix A with
y X—y

1 0
respect to the basis B = {vl = (2] v, :( 1]}:

Solving (*) yields
a =3
gives a=3 and b=7
2a—b=-1
Solving (**) yields
=-1
¢ gives c=-1 and d =-3
2c—-d=1

The transformation matrix A is given by Az([T (v) ], ‘ [T(v, )]B) therefore

a c 3 -1
A p— p—
b d 7 -3
. . , . -3
By using this matrix we need to find T (( J] How?
. -3\ . : 1 0
We need to write the vector ( 1] with respect to the basis B = {vl = (2] v, :( ]}

Sl |

This gives k, =-3 and k, =—7. Thus

GG SEHG)

We have



Complete Solutions to Exercises 5.5

(3] -ueoneeleo S
wnssssmaapne(3)-(33-2)

7. First we apply the matrix A to the standard basis vectors e, _(
cos(45°) —sm(45°) cos(45°)
v, =Ae, =
sin(45°)  cos(45°) (sin(45°) )
cos(45°) —sin( 45°) —sm(45°)
v, =Ae, =| .
sin(45°)  cos(45° ) cos(45°)
Our new basis is B=1 v, L l _ 1L -1 . We need to write 2 in terms of this
TR TR 1

B new basis. How?

o -
N—
/_\
o
\_/

,_ @ b a-b
2 1 - NN
1 V211 2\t ., b _a+h
2 2 2
Transposing these equations gives
22=a-b (1)
2=a+b )
3W2=2a = a:¥
- 32 3 32 1
Substituting a = =—= into (1) gives b_——ZJ__——
g 5 > 1) gi 5

2

[EEN
w

Hence the coordinates of [ ] under the new basis B is —( J This is illustrated below:
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New axis in the New axis in the
direction of v, Y direction of v,

1% e,

b's
N —X
8. We are given the linear transformation T (( D =| -y |.What do we need to find first?
y X+ 3y
: . 1 1
The transformation of the basis vectors T (v,) and T (v,) where v, = (2) Vv, = (J ;
-1 -1
1
T(Vl):T([ZDZ -2 |=|-2
1+3(2) 7
-1 -1

What else do we need to find?
We need to write each of these above vectors T (v,) and T (v, ) as the coordinates of the

1 1 0
basis C=qw, =0, w,={2|, w,=|1
1 0 1
-1
T(v,)=|-2|=aw,+bw,+cw,=a| 0|+b| 2 |+cC 1} (1)
7
-1 0
T(v,)=| -1 |=dw,+ew,+fw,=d|0|+e|2 [+ f|1 (1)
4 1 0 1

How can we find the matrix A?
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By Proposition (5-18) we have Az([T(vl)]C ‘ [T(v, )]C) which in this case is
a d a d

A=|b e |because [T(v,)] =|b| and [T(v,)] =|e
c f C f

How can we determine a, b, c, ---, f?

We need to solve the 2 pairs of simultaneous equations (1) and (1) in the above. Consider
the first pair (1):
-1 1 1 0 a b 0 a+b

—2|=a|l0|+bl2|+c|1|=|0|+|2b|+|Cc|=|2b+C
7 1 0 1 a 0 C a+c

We have
a+b=-1
2b+c=-2} gives azz, b:—E and c_E
3 3 3
a+c=7

Similarly we can find the solution of the other simultaneous equation (17):
-1 1 1 0 e 0 d+e

—1|=d|0|+e|2|+f|1l|=
4 1

+| 2e|+| f|=|2e+f
d+f

d+f =
What is the matrix A equal to?

d
0
d
d+e=
2e+f—1} gives d=1 e=-2 and f =3

a d 7/13 1
:(I:T(Vl)]c ‘ [T(Vz)]c)z b e|=|-10/3 -2
c f 14/3 3
Remember [T (u)]_=A[u], so we have
7/13 1
[T(u)].=|-10/3 -2 |[u], *)
14/3 3

2
We need to find T (u) where u = (J We first determine [u]B which means we have to

1 1
write the vector u in terms of the basis vectors v, = [2] and v, = [J ;

2 1 1 k, +k
= = kv, =k k =| 1
et P A

Thus we need to solve the simultaneous equations:
k,+k,=2

ives k =—1 and k, =3
2kl+k2:l} J ' 2
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Thus [u], :(_3} Substituting this into (*) gives
7/3 1 2/3 2
-1 1
[T(u)], =|-10/3 -2 ( 3]: 8/3|=3| -8
14/3 3 13/3 13
We have
2
T ([JJ = %[2W1 —8w, +13w,]
1 1 0 —6 -2
1 1
=212/ 0|8 2|+13/1||=7 -3|=| -1
1 0 1 15 5

Note that both our answers are identical.

9. Applying the given linear transformation to the matrices in basis B we have
T

1 0 1 0 1 0
0 0 0 0 0 0
0 1 0 1Y (00
0 0 0 0 10
0 0 0 0 (0 1
1 0 1 0 0 0
0 0 0 0 (0O
0 1 0 1 0 1

What else do we need to find?
We need to write each of these above matrices T(m,), T(m,), T(m,) and T(m,) as the
coordinates of the basis:

S
Tm=( o2l o/®[o ofrely o)<l 1

This gives a=1, b=0, c=0 and d =0. Similarly we have

We have
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0 0 10 01 0 O 0 O
T(m,)= =e + f +g +h
1 0 0 0 0 0 1 0 01

This gives e=0, f =0, g=1 and h=0. In the same manner we have

(g oo oo o)z oo 3

Thisyields i=0, j=1, k=0 and 1=0. Evaluating

(3 3ol opafd ol 9l )
01 00 00 10 01
Thus m=0, n=0, p=0 and q=1.

How can we find the transformation matrix A?

By Proposition (5- 18) we have
‘ I:T ]c ‘ [T(m3)]c ‘ [T(m“)]c)

A=(r

which in this case is A =

m,)];
e
f . Why?
g
h

o o T 9

m
jon
k p
I q

[Tl =| )| [T (mo)], =
I

Because [T (m,)]_ =

! [T (mz)]c -

a
b
C

d

We can substitute the above values of a, b,
What is the matrix A equal to?

O:T@—hm
o T S 3

,d, -
i

a
b

A=

c

o O o+
o O O
o O +» O
O O O

e
fj
g k
d h |
This means that [ T (X) ]_=A[X], we have

B

o o S 3

[T =

o O O -
o O O
o O +—» O
o
—

4

£1 2] (1 0] (0 1) £0 Oj (0 OJ
=a +b +C +d *)
3 4 00 00 10 01

These are not the same a, b, ¢ and d values found above. From this (*) we have
a=1 b=2,c=3 and d=4

1 2 1 2
We need to evaluate T [(3 4)] by using the matrix A above. Let X = (3 J

What is [X], equal to?


acauser3
스탬프
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1 0
0 0 . L.
From the above we have [T(X)]C = 0 [X], and evaluating this Right Hand
0 1
Side gives:
1 0 0 0)1 1
0 01 02 3
T=10 1 0 o] 3|72
0 00 1)l4 4
We have

1 2 10 01 00 00
T =1 +3 +2 +4
3 4 00 00 10 01
(13
2 4
We can check this by evaluating the transformation directly:

e JH6 G

1 000
_ 0010 : . _
The matrix A = 0100 represents the transformation defined by T (X) =X with
0 001

respect to the given basis.

10.  We are given the transformation T :V —V given by
T(f)=F
and we need to find the transformation matrix A with respect to the bases
B ={sin(x), cos(x)}
The transformation of the basis vectors is given by

T (sin(x))z(sin(x))' =cos(x)
T (cos(x)) :(cos(x))’ =—sin(x)

We need to write each of these above as the coordinates of the basis B = {sin(x), cos(x)}:
T (sin(x))=cos(x)=asin(x)+bcos(x) givesa=0 and b=1
T (cos(x))=—sin(x)=csin(x)+dcos(x) gives c=-1 and d=0

What is our matrix A equal to?
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a c) (0 -1
A = =
oG
5
(x)+2cos(x) we have [g], :(Zj
because these are the coefficients of sin(x ) and cos(x) respectively:
0 -1)5 -2
[T(9)], =Alg
1 0){2 5
The entries —2 and 5 in the Right Hand column vector are the coefficients of the basis
B ={sin(x), cos(x)} which means that we have

T [5sin(x)+2cos(x) | =-2sin(x)+5cos(x)

(b) In this case we have g =msin(x)+ncos(x) so we can write the coefficients of sin(x)

and cos(x) as [g], =£r:] We have

[T(9)], =Algl, =(S _éjm =(_?nj

The entries —n and m in the Right Hand column vector are the coefficients of the basis
B ={sin(x), cos(x)} which means that we have

(a) Using this matrix A to find T (g) where g =5sin

T (msin(x)+ncos(x)) =—nsin(x)+mcos(x)

11. We are given that T (p) =p(x+3) and we need to find the transformation matrix A with
respect to the basis B = { X, } The transformation of these basis vectors is given by
T(1)=1
T(x)=x+3
T(xz)z(x+3)2 = X2 +6X+9 [Expanding]

We need to write each of these as the coordinates of the basis Bz{l, X, xz}:
T(1)=1=a(1)+b(x)+c(x*) gives a=1 b=c=0
T(x)=x+3=e(1)+ f(x)+g(x*) gives e=3, f=1and g=0
T(x*)=x*+6x+9=h(1)+i(x)+ j(x’) gives h=9, i=6and j=1

a 1 e 3 h 9
We have [T(l)]B: bl=|0], [T(x)}Bz f|=|1]|and [T(xz)]B: i |=]6].
c) (o g 0 J 1

Our transformation matrix A is given by

~([r @], | [T(0]

o W
= o O

[T0e)=po
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The coordinates of the given vector p = q+ nx+mx* with respect to the basis B = {1, X, x2}

is
q
[Pl =|n
m
Thus we have
1 3 9)q g+3n+9m
[T(p)],=|0 1 6| n|=| n+6m
0 0 1){m m

The entries in the Right Hand Column vector g+3n+9m, n+6m and m are the
coefficients of 1, xand x* because B={L, x, x}.

T(p)=T (q+nx+mx2)
=q+3n+9m+(n+6m)x+mx*
Evaluating this transformation directly gives
T (q+nx+mx*)=g+n(x+3)+m(x+3)’

= q+nXx+3n+m(x* +6x+9)

=+ NX+3n+mx? +6mx+9m

=g+9m+3n+(n+6m)x+mx’

This is identical to the above therefore matrix A is the transformation matrix of the given
transformation.

12. We are given the transformation T :V —V given by
T(f)=f
and we need to find the transformation matrix A with respect to the basis
B ={sin(x), cos(x), €'}
The transformation of the basis vectors is given by

T (sin(x)) = (sin(x) )'

T (cos(x))=(cos(x )' =—sin(
T(e)=¢"
We need to write each of these above as the coordinates of the basis
B ={sin(x), cos(x ) -
T (sin(x)) =cos(x)=asin(x)+bcos(x)+ce* givesa=0, b=1 and c=0
T (cos(x ):—sm )=msin(x)+ncos(x)+le* gives m=-1, n=0 and 1 =0
T(e*)=e* = psin(x)+qcos(x)+re* gives p=q=0 and r=1

What is our matrix A equal to?
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a m p 0 -1 0
A=b n qf=(1 0 0
c | r 0 01
(a) Using this matrix A to find T (g) where g =—sin(x)+4cos(x)—2e* we have
-1
[9], =| 4| because these are the coefficients of sin(x), cos(x) and e*:
-2

0 -1 0\-1 -4
[T(9)],=Algl,=|1 0 0| 4|= -1
0 0 1){-2 -2
The entries —4, —1 and —2 in the Right Hand column vector are the coefficients of
sin(x), cos(x) and e” respectively because the basis B:{sin(x), cos(x), ex} which
means that we have
T (—sin(x)+4cos(x)—2e* ) =—4sin(x)—cos(x)—2¢"

(b) In this case we have g=msin(x)+ncos(x)+ pe* so we can write the coefficients of

m
sin(x), cos(x) and e* as [g], =| n |. We have
p
0 -1 0)m -n
(@)}, =Algl,=[1 0 ofn|<| m

0 01
The entries —n, m and p in the Right Hand column vector F;)tre the ci)efficients of the basis
B ={sin(x), cos(x), e"} which means that we have
T(msin(x)+ncos(x)+ pex) =—nsin(x)+mcos(x)+ pe*
In general if we apply the transformation directly we have
T(g)=[ msin(x)+ncos(x)+ pex}'
=mcos(x)-nsin(x)+ pe*

This is identical to the above result achieved by using the transformation matrix A. Thus the
matrix A represents the differential transformation.

13. We need to find the matrix A which represents
T(f)=f" where f' is the derivative of f

with respect to the bases B ={e”, xe”, x’e”}.

The transformation of the basis vectors is given by
T (eZX) _ (ezx)' —_ 22X

T (xex) = (xe2X )' =2 + 2xe?*


acauser3
스탬프
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T (x%™)=(x%" )' = 2xe™ +2x%e”
We need to write each of these above as the coordinates of the basis B = {ezx, NC xzezx} :

T (ezx) =2 =ae® +bxe® +cx%® gives a=2, b=0 and c=0

T (xex) =e” +2xe” =de® + fxe™ + gx’e™ gives d=1, f =2 and g=0
T (x%e™)=2xe® +2x%e™ = he®™ +ixe” + jx’e”* gives h=0, i=2 and j=2
We have
2 1 0
[T (ezx)]B =0}, [T (xex)]B =| 2| and [T (xzezx)}B =2
0 0 2

What is our matrix A equal to?
2 10
A=/0 2 2
0 0 2

Next by using this matrix we need to find T (ae2X +bxe +cx2e“) . First we write

ae” +bxe® +cx’e®* in terms of the basis vectors B = {ezx, xe’, xzezx} . Clearly we have
a
| ae™ +bxe™ +ox’e™ | =|b
c
Thus
2 1 0)\(a 2a+b
[T(ae“+bxe2x+cx2ezxﬂB =0 2 2| b|=|2b+2c
0 0 2){c 2C

The entries in the Right Hand column vector are the coefficients of e**, xe®* and x%e**:
T (ae® +bxe™ +cx’e”™ ) =(2a+b)e® +(2b + 2¢) xe™ + 2cx’e™
14.  Since Vis of dimension nso let B = {bl, b,, -, bn} be a basis for V. Applying any

identity transformation to these basis vectors gives:
T(b,)=b, =1(b,)+0b, +---+0b,
T(b,)=b, =0b, +1(b,)+---+0b,

)=b, =0b, +0b, +---+1(b, )
1 0

Writing the transformation matrix A = =

0 1

T(b

n





