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Complete Solutions to Supplementary Problems 4

1. (a) We are asked to find the inverse of 10 (mod 101). This means we need to
solve 10z =1 (mod 101). Multiplying both sides of this congruence by 10 gives
1010z =100z = ~z = 10 (mod 101}

Multiplying the last result by —1 yields
% = -10 = 91 (mod 101)

Hence 91 (mod 101) is the inverse of 10 (mod 101) or 107" = 9(mod 101).
(b) We use Fermat’s Little Theorem to find the inverse of 125 (mod 127):
o’ =1 (mod p) provided p/a

We have
125" =125(125" ) = 1 (mod 127)

Evaluating 125" = ? (mod 127) will be time consuming. How can we make this
problem easier?
125 125 . .
Well 125 = -2 (mod 127) so 1257 = (—2) (mod 127). Working out this power
of —2 gives
(_2)125 _ (_1)125 91 = (_1) w 9125 (mod 127) (1)
Determining some simple powers of 2:

20 =16, 2° =32, 2° =64, 2" =128=1 (mod 127)
The last result 2" =1 (mod 127) is particularly useful because any index with

base 1 will be 1. Writing 125 as a multiple of 7 and remainder gives

125 = (17x7) + 6
Using the rules of indices to evaluate 2'% (mod 127) vields
2% = (27) x2" =1x2° =64 (mod 127)
Substituting this 2'% = 64 (mod 127) into (1) gives
(-2)" =(-1)x 64 = —64 = 63 (mod 127)
Hence the inverse of 125 (mod 127} is 63 (mod 127).

(c¢) This time we are given 540!(m0d 541). We use Wilson’s Theorem (4.4):



. We need to evaluate 7
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(p — 1)! =—-1 (modp)
Hence 540! = —1(mod 541). We have

540!z = (-1)z = 1(mod 541) = g=-1= 540(mod 541)

(i) We are asked to find 10* (mod 29). Since 29 is prime so by Fermat’s Little
Theorem we have

10® =1 (mod 29)
Rearranging the indices we have

10* =10(107) = 1 (mod 29)
Hence the inverse of 10(mod 29) is 10 (mod 29). Solving 10z =1 (mod 29)
gives =3 (mod 29) because 10x3=30=1 (mod 29) . Hence

107 =3 (mod 29)
(ii) How do we solve the linear congruence 10z =9 (mod 29) ¢
Multiple both sides of this congruence by the inverse of 10(m0d 29) which is
3 (mod 29) which we found in part (i). Therefore
r=9x3=27 (m0d29)

Our solution is z =27 (mod 29).

1000 003

=z (mod 11). By Fermat’s Little Theorem (FLT):

o’ =1 (mod p) provided p/a
We have 7" =1 (mod 11). Using the rules of indices on the index 1 000 003:

1000 003 1000 000

7 7

[ 6 . 5 ‘
x7 = (7)) <7 =(1) x7° =7 (mod 11)
Working out the last congruence gives

71000003 _ 73 _ 343 — 9 (mod 11)

(i) We need to find the inverse of 30 (mod 31). Let y be the inverse then
30y =1 (mod 31)

Note that 30 =-1 (mod 31). Using this to rewrite the above congruence gives
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0y=-—y=1 = yE—lz?)O(modSl)
Hence the inverse of 30 (mod 31) is 30 (mod 31).
(ii) We are asked to find z such that 5(29!) =z (mod 31). By Wilson’s
Theorem (4.4):
(p —1)! =-1 (modp)
We have 30!= -1 (mod 31) because 31 is prime. We can rewrite this as
291% 30 = -1 (mod 31) (*)
Multiplying both sides of (*) by the inverse of 30 (mod 31) which is
30 (mod 31) by part (i):

29! x 30x 30 = —1 x 30 (mod 31)
Hf_/

=1 (mod 31)

29! = =30 = 1 (mod 31)
Substituting 29! =1 (mod 31) into the given linear congruence

5(29!) =z (mod 31) yields 5(1) =b=zx (mod 31). Hence z =5 (mod 31).

. We are asked to find the inverse of 11! (mod 13) .
As 13 is prime so by Wilson’s Theorem we have
12! = -1 (mod 13)
We can rewrite 12! =12 x 11!. Substituting this into the above gives
12!=12x11! = -1 (mod 13)
(—1) x11l=-1 (mod 13) [Because 12=-1 (mod 13)}
Multiplying both sides of the last congruence by —1 yields
11!=1(mod 13}

Hence the inverse of 11! (mod 13) is 1 (mod 13).

. We are asked to prove the inverse of (p - 3)! (mod p) is (p — 2) (mod p).
Proof.
By Question 13 of Exercise 4(b) we have (p - 2)! =1 (mod p). Rewriting

(p—2)! as
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(p—2)! = (p—2)(p—3)! =1 (mod p)
Since (p—2)(p—3)! =1 (mod p) SO (p—2) (mod p) is the inverse of

(p—3)! (mod p).

. How do we factorize integers of the type 2" —17
By Proposition (4.9):

Ifm‘ n then (2" ~1) ‘ (2" -1).

(a) We are given 2" —1. The non-trivial factors of 14 are 2 and 7. Therefore
applying this Proposition (4.9) we have the following factors:

2°—1=3 and 2" -1=127.
Both of these numbers are prime (check this for yourself) so dividing 2" =1 by
3x127 gives

2" -1

3x127
Therefore 2" —1 =3 x43x127.

(b) Similarly we have the non-trivial factors of 15 are 3 and 5 so

2°-1=7 and 2° —1=31.

=43 which is prime.

are prime factors of 2" —1. Dividing this 2" =1 by 7 x 31 gives
2% —1
7x31

=151 (1)

Is 151 prime?
By using Corollary (2.10)

If n>1 is composite then it has a prime divisor p such that p < l\/; ‘

Let n =151 and p be a prime factor of 151 then
p< [\/151J =12.

The primes below 12 are 2, 3, 5, 7 and 11. None of these go into 151 so 151 is
prime.
Hence the prime decomposition of 2'° —1 by (f) is 7x 31x151.
(c) Since 2x8 =16 so 2° =1 =3 and 2° —1=255 are factors of 2'° —1.
Dividing 2" —1 by the largest factor 255 gives
29 —1
255

=257.
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Using Corollary (2.10) to see if 257 is prime. Let p be a prime factor of 257 then
p< L\/257J =16.

The primes below 16 are 2, 3, 5, 7, 11 and 13. None of these primes go into 257

therefore 257 is prime.

Now we only need to find the factors of 255. Clearly 3 and 5 are factors of 255
255

3xH

SO

=17 which is prime. Therefore 255 =3 x5 x17. Thus collecting all the

factors we have

20 _1=255x257 =3xHx17x257.

8. (a) We are asked to prove 31 is a factor of 2" —1.
Proof.

Since for the index 5 ‘ 5n so by Proposition (4.9):
If m| 0 then (27 1) | (2 -1).

We have 2° —1 =31 is a factor of 2°" —1.

u
1100001111

(b) This time we need to prove that 2047 is a factor of 2 —1. The index
1 100 001 111 is divisible by 11 so by Proposition (4.9) we have

1100001111

2" —1=2047 is a factor of 2 -1.
Since the sum of the digits of the index is given by
1+1+0+0+0+0+1+1+1+1=6.

And 3|6 so 2° —1=7 is also a factor of 2" " —1.
9. We are asked to prove that if m ‘ n then (a’"’ - 1) ‘ (a” - 1).

Proof.

We are given that m ‘ n so there is an integer s such that ms =n. Using the

given hint with r =m and s =s we have

a"—1=a"-1= (a""’ — 1)(am(5_1) 4o g g 1).

Hence (a”" — 1) ‘ (a" - 1) which is our required result.

10. (a) We are asked to show 5'' —1 is a factor of 5 —1.
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Proof.
Using the result of the previous question if m ‘ n then (am — 1) ‘ (a" - 1) with

a=5, m=11 and n =55 gives

(5" -1) ‘ (5" -1).
This is our required result.
(b) Using the result of the previous question if m ‘ n then (am - 1) ‘ (a" - 1)

with a =5 and n =10=2x5 we have
5 —1=24 and 5° —1=3124 are factors of 5 —1.

Dividing 5'° —1 by the largest factor 3124 gives

5" —1
= 3126
3124 ()
Since 3126 is even so we have
% — 1563 ()

Note that the sum of the digits of 1563 are 1+5+6+3 =15 and 3| 15 so 1563

is divisible by 3:

15363 o1 )

Need to check whether 521 is prime as there are no obvious factors of this

number. Let p be a prime factor of 521 then
p< [\/521J =22

The primes below 22 are 2, 3, 5, 7, 11, 13, 17 and 19. The first 5 primes 2, 3, 5,
7 and 11 are easy to check and these do not go into 521. Just need to see if 13,
17 or 19 go into 521. They don’t so 521 is prime.

By (*) and (**) the prime factorization of 3126 =2 x1563 =2 x 3 x 521.

The other factor of 5" —1 is 3124 which you can see from the above ().

We have

% =1562 and % =781 implies 3124 =4 x 781

Hence 3124 =4 x781. Is 781 prime?



11.

12.
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No because if we use the divisibility test of 11 then

7—-8+1=0and 11| 0

Hence 11 is a factor of 781. We have % =71 and 71 is prime. Hence

781 =11xT71.
Therefore 3124 = 4x 781 =2 x11xT71.
From (f) and collecting all the factors together we have

510—1=3124><31262(22x11x71)x(2x3x521):23><3><11><71><521.

The prime factorization of 5 —1 is 2* x 3x 11x 71 x 521.

We need to factorize 10° +1 =100 001. Using the given hint with n =5 we
have
10 +1=(10+1)x(104 -10° +10° —10+1) =11x 9091
Both these integers, 11 and 9091, are actually prime. We have
10° +1 =100 001 = 11 x 9091

We can rewrite 1111111 111:%(10“’ -1).
First, we use the test for divisibility by 11 (question 32 of Exercises 3.1):
S=a,—a +a,—a, —|—-~-—{—<—1) a
Putting the digits of 1111111111 into this formula gives
S=1-1+41-1+1-1+1-1+1-1=0.

Clearly 11| 0 so 11 is a factor of %(1010 - 1) =1111111111.

Second we use the result of question 9:
If m ‘ n then (a”” - 1)‘ (a" —1).

With a¢ =10, n =10 to factorize 10" —1. Since 5 ‘ 10 so 10° —=1=99 999 is a

factor of 10" —1. Thus

9 1
—11111 is a factor of 5(1010 - 1).



13.

14.
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Let us try to factorize this integer 11 111. This is time consuming but let us try

our well-trodden path of trialling primes below { 11 lllJ =105. You will find

that 41 is a factor of 11 111. Hence

11111
41

=271

Also 271 is prime. Our three factors of é(lO10 - 1) =1111111111 are
11, 41 and 271

The actual prime factorization is 11x41x271x9091.

We need to show that %(106 — 1) where e is even is divisible by 11.

Proof.
Writing out the bracketed term we have

10°-1= 999---999
-

even number of 9's

Dividing this by 9 yields

l(10@—1):l 999---999 | = 111---111
9

even number of 9's even number of 1's

Using the test for divisibility by 11 which is given in question 32 of Exercises
3.1

S=a,—a +a,—a,++ (—l)n a, where a’s are the digits.
Thus applying this to %(10“ - 1) =111---111 gives

S=1-1+1-1+---+1-1=0.

even number of 1's in this

Clearly 11‘ 0 so 11

1
5(10e - 1). This is our required result.

For this question 10*" =1=0 (mod 99) we need to show that 99 is a factor of

10" —1.
Proof.



15.
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We use the result of question 9; if m ‘ n then (a’" — 1) ‘ (a" - 1).

Let a =10 then clearly 2 ‘ 2n therefore

(10° -1) ‘ (10* -1).
10 =1 =99 so 99 is a factor of 10" — 1. This implies 10" —=1 =0 (mod 99)

which is what we needed to show.

A pseudoprime to the base a is a composite integer n such that for a particular
a we have
a"'=1 (mod n) where gcd(a, n) =1.
A Carmichael number is a composite integer n such that for every a we have
a"l =1 (mod n) where gcd(a, n) =1.
We also need to show that 4349 is a pseudoprime. This means we need to show
two things; 4369 is composite and o™ = (mod 4369) for some base a such
that gcd(a, 4369) —1.

Proof.
Well 4369 =17 x 257 so 4369 is composite.
We will first try base a = 2 and try to show that

9% — 1(mod 4369)
By computing some simple indices of 2 we have
2" = 16(mod 4369)
2% =16x16 = 256(mod 4369)
2'6 = 956 x 256 = 65 536 = 1(mod 4369) (1)

We can write the index 4368 as a multiple of 16 and any remainder:
4368 = 273 x16.
By using (1) we obtain

QU0 = QloaTs — (216 )273 =1" = 1(mod 4369)

Thus 2"% = l(mod 4369). Therefore 4369 is a pseudoprime.
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16. We are asked to show that 1105 is a Carmichael number.
Proof.
We are required to show two things:
1) 1105 is a composite integer.
2) o™ =1 (mod 1105) for every a such that gcd(a, 1105) =1.
Proof of 1):
Since 1105 =5x13x17 so 1105 is clearly composite.
Proof of 2):
We use the Chinese remainder theorem to show this part.
First using Fermat’s Little Theorem (FIT) (4.1):

a’ =1 (mod p)

With moduli 5, 13 and 17 because 1105 =5x13x17 we have

at =1 (mod 5) [FLT with p = 5]
a?=1 (mod 13) [FLT with p = 13]
a® =1 (mod 17) [FLT with p = 17}

We use these indices to show """ =1 (mod 1105) , SO0 we are interested in the
index 1104. Using the rules of indices and the above results we have

" = (a4 )276 =1"" =1 (mod 5)
Similarly by using the rules of indices in the bottom two congruences we have

o' = (al2 )92 =1"=1 (mod 13)

69
1104 16 69
a E(a ) =1

1(mod 17)

1104

Let z=a " and putting this into the above computed congruences we have the

simultaneous congruence equations:

r=1 (mod 5)
z=1(mod 13)
r=1 (mod 17)

Solving these simultaneous equations using the Chinese remainder theorem

result, question 8b of Exercises 3.4:
If z= M(mod p].) then 2 = M(mod P, XD, X"'ka)'

Applying this to the above simultaneous congruences gives



17.

18.

Complete Solutions to Supplementary Problems 4 Page 11 of 23

= 1(mod 5x13><17) El(mod 1105).

Substituting z = a'"™

into this yields
a"" =1 (mod 1105).
Hence we have shown part 2).
This means that for every a we have o' =1 (mod 1105) provided

gcd(a, 1105) =1.

Therefore 1105 is a Carmichael number.

We need to prove p' +¢"" =1 (mod pq) where p and ¢ are distinct primes.
Proof.
We are given that p and ¢ are distinct primes so p / q therefore by FLT we
have
pit =1 (mod q) and ¢"'=1 (mod p).

Rewriting these as divisors gives

q ‘ (pq’1 —1) and p ‘ (qZH —1).
Applying the property of divisibility

a‘ b and ¢ ‘ d implies ac‘ bd
To q‘ (p“’"1 —1) and p ‘ (q’”"1 —~ 1) yields

(7)o -

Writing this result as a congruence:

(pq_l - 1)(q7’"1 — 1) =0 (mod pq)
—pT —¢"" +1=0 (mod pq) [Expanding]

=0 (mod pq)
because it i$ a multiple of pq

—p —¢"" +1=0 (mod pq) = 1=p" " +q¢"" (mod pq)

This 1= p"" +¢"" (mod pq) is our required result.

We need to prove that p ‘ (2” - 1) where p is an odd prime.
Proof.



19
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Since we are given that p is an odd prime so p/~/2 . We can use FIT (4.1):

o’ =1 (mod p) provided p/a
By applying this with ¢ = 2 gives
2t =1 (mod p) & p‘ (21’71 —1).

This completes our proof.

. (i) Substituting n = p and r = k into the given notation we have

o ! :px(p—l)x...x(p_[k_l])w
© kN p—k)! MM
px(p—l)x---x(p—[k—l])

= X (*)

p—lz—l(modp), p—25—2(modp),---, p—(k—l)z—(k:—l)(modp)
px(p=1)e-(p— [k 1) = px (1) (-2)ex]- {51

) e (o )

Applying Wilson’s Theorem (4.4):
(p—1)t=-1 (modp)
To the last line gives
px(p=1)c(p [k =1]) = (1) (k- 1)'p
(v

1 (-1t oo

Putting this into (*) yields

pck:pX(P—l)X“'X(P—[k—lD
(1) (k1)
- <p_1]3! v (mod p)  [Because k!=kx (k1)

We are given 1 <k < p so ( p— 1)! must contain a factor of k. Hence
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k-1
M = m where m is an integer.
(. |
Therefore 'C|, = B mp =0 (mod p) . This completes our proof.
[
(ii) In this part we need to show (a + b)p =a’ +b" (mod p).
Proof.
By the binomial expansion of (a + b)p we have
(a + b)p =a"+"Cla”'b+"Ca" " + -+ 'C _ab"" + b’
=a’"+0+0+---+0+0" [Because by part (i) "C, =0 (mod p)}
=a” + 0"
This completes our proof.
[

™ p
(iii) We are asked to prove (a1 +a,++a ) =a’+a'++a’ (mod p).
n 1 2 n

How do we prove this result?
Use mathematical induction.
Proof.

For n =2 we have our result by part (ii):

(a1 + a2)p =a" +a, (mod p)
Assume the result is true for n =k :

(al+a2+~-~+ak)pEal”+a2p+---+ak” (mod p) (*)
Required to prove the given result for n =k +1:
(a1 +a,+-+a, + akﬂ)p =a’”"+a "+ +a’ +(ak+1)p (mod p)
Rewriting the left - hand side of this we have
(“1 +a,+-+a + aml)p = ([a1 +a, o+ ak] + ak+1)p

= [al +a, o+ ak]p + (akﬂ)p

=a"+a, "+ +al+ (ozk+1 )p (mod p) [By (*)]
Hence by mathematical induction we have

(a1 +a,+-+ an)p =a’+a/++a’ (mod p)

This completes our proof.
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20. This time we are asked to prove if a = b (mod p) where p is prime then
a’ = b’ (mod pQ)
Proof.
We assume that a = b (mod p). We consider two cases; p ‘ a and p/a .
Casel: p|a
If p‘ a then p* ‘ a’ soa’ =0 (mod pQ). Since we have a =b =0 (mod p) S0

D ‘ b and p* | b* so b’ =0 (mod pz) . Therefore we have our required result

Case II: p/a

Assume p/a. We are given that a =b (mod p) implies that a” = b” (mod p).

a’” =b" =0 (mod p2)

We can rewrite this as
a’ —b" =0 (mod p). Factorizing a” —b" gives

@’ = b =(a—b)(a"" +a" b+ ab” + b7 ()
Since we are assuming a = b (mod p) so a —b = kp where k is an integer.

Examining the second term on the right hand side:
a" +a"b+ -+ ab’ + b (1)
Required to prove that
a7 +a" b+ ab” 4+ =0 (mod p).

In this case p / a so by Fermat’s Little Theorem:
=1 (mod p).
Because we have a = b (mod p) therefore
a"b=a""' =1 -, abP =0 =1, W =" =1 (mod p).

Putting these results into (1) gives
" +a" b4+ ab b = (1+1+---+1+1)5p50(m0d p).

P col){cs of 1
By the definition of congruence we have
a" "t at b ab” T =mp
Substituting these results a —b =kp and o’ +a” b +---+ab’ > +b""' =mp

into (*) gives
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a’ —b" = (a — b)(a”*1 +a" b+ +ab”? —l—bp*l) = kmp”.

Hence a” —b" =0 (mod p2) which implies a” = b” (mod pQ).

21. To disprove something, we only need a counter example:

Let =3 and n =4 then
3' = 81=1£3 (mod 4).

22. We are required to prove that z" —1= (x”‘ — 1)P (x) where m > 1.

n—m

Proof.

We are given that n is a composite integer. So let n = mr where m > 1 and this

implies that m ‘ n . By the result of question 9:
if m ‘ n then (a’"’ - 1)‘ (a” —1)
We have (xm - 1) ‘ (a:" - 1). Hence
' —1= (x’” — 1)P(x).
Since the polynomial on the left-hand side is of degree n so the product of
polynomials on the right-hand side must also be of degree n. By the rules of
indices, we have P(x) must be of degree n —m. Therefore P(x) =P (x)

This completes our proof.

n-1

23. (i) How do we prove aT;*:Z +1 (mod n) then n is composite?

Contrapositive proof.

Proof.
Suppose n is prime. Then we need to prove that a%1 ==l (mod n) Since n is
prime and n / a so by Fermat’s Little Theorem we have
a"' =1 (mod n)
Let a%l =gz then 2° =1 (mod n) By Lemma (4.3):

:c?zl(modp) & xzil(modp)



Complete Solutions to Supplementary Problems 4 Page 16 of 23

Remember our supposition is that n is prime so
n-l
r=a?’

=+l (mod n) )

This completes our proof.

1729-1

(ii) We need to give a reason why 12 ? =1 (mod 1729) but 1729 is composite.

n—1
Part (i) does not say that if a 2 =+1 (mod n) then n is composite. We have that if

n-1
a? ==1 (mod n) then n may be composite or prime.

24. We need to prove that if 2" —1 is composite then n is composite is false.

This suggests that we need to produce a counter example.

Well 2" —1=2047 =23 x 89 is composite but 11 is prime.

25. We need to prove that n/~/ (2" — 1) for all n > 2.

Proof.

We use proof by induction.
Clearly 2/~/ (22 - 1) so the result is true for n = 2.
Assume k /~/ (Qk - 1). Consider 2°"' — 1, and rewriting this we have
2 —1=2(2) —1=2(2" ~1)+1 (*)
Since k> 2 so k /~/ 2 and the induction hypothesis we have & /~/ (Qk - 1).
Putting both of these together gives k /~/ 2 (Qk - 1). This implies for every
integer m we have 2(2]C — 1) # km and so
2(2° =1)+1# km+1# (k+1)m
From this last line we have 2(2’“ — 1) +1# (lﬁ + l)m for every integer m so
(k:+1)/~/[2(2"' -1)+1].
By (*) we have 2(2k - 1) +1=2""—1 therefore (k + 1)/~/[2]Hl - 1] :

By mathematical induction we conclude that n /~/ (2” - 1).
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26. We need to show that 220 and 284 are amicable.
The prime factorization of each number is given by
220 =2"x5x11 and 284 =4x71=2>xT71

Using the property that o is multiplicative we have

7(220) = 0(22 %5 ><11)

=0(2"|xco(5)xo(ll
(2)xo(s)xo(11)
Using Proposition (4.35):
' k41 -1
o)~ £

And U(p) = p+1 we have
0(220) = o(2*) x o (5) x o (11)

2% 1
= 51 X6x12=7Tx6x12 =504

Recall the proper divisors of 220 does not include 220. Therefore, the sum of the
proper divisors of 220 is 504 — 220 = 284 .
Similarly, we have
o(284) = 0 (2* x71)

= 0(22> X 0(71)

=7x72=504
Again 284 is not a proper divisor of 284 so the sum of the proper divisors is
equal to 504 — 284 = 220.

Hence 220 and 284 are amicable numbers.

27. We are asked to prove [(p — 1)!]17” =-1 (mod p) for an odd prime p.
Proof.

By Wilson’s Theorem we have

(p — 1)! =-1 (mod p)
Since we are given that p is odd so p" is odd. Why?
Let p =2m + 1 then by the binomial expansion:

(L37)  (a+b) =Ca"+C, _a"b+C, a0 +C a"b" +..+Cp’

3

We have

p" = (2m + 1)71’ = (Qm)n +C (Qm)ni1 +-+C) (Qm) +1=2k+1

=2k

1
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Therefore

(1) = (1) = ("™ =1 (mod p|

This completes our proof.

]
B 2
28. We have been asked to prove (p — 1)! = (—1)1771 p-1 !] (mod p).
Proof.
We can rewrite (p — 1)! as
(p—l)!:1><2><3><--->< p2_1 X p—2|—1 ><---><(p—2)><(p—1) (*)
Note that
p—lE—l(mOdp)
p—2=-2 (modp)
pT-l-l =— p-1 (mod p)
Substituting these into (*) and working with modulo p gives
(p—l)!51><2><3><~~>< p;l X p-2|—1 ><~-><(p—2)><(p—1)
=1x2x3x--X% r-1 X _p;l]x ><(—2>><(—1)
_ 2
z(—l)p1 12 x 2 x 3 x| =2
B 2
E(_1>pl p_—l! (mod p)
This is our required result.

29. We need to prove that there are infinitely many pseudoprimes to the base a

where a > 1.
Proof.
This is the proof given in the book by Hardy and Wright'.

' Hardy and Wright: An Introduction to the Theory of Numbers Fifth edition page 72.
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Let p be an odd prime such that p/a (a2 — 1). Let m be the integer given by

a2p_1_(ap—1)(ap+1)

a—1 (a—l)(a—i—l)
|a” -1 o a?’ +1
T la-1 a+1

By difference

m =
of two squares

This integer m is composite. Why?

Because by applying the following algebraic identities:
' —1= (:1; —1)(3:”71 +2" et —l—l)
"4+ 1= (x + 1) (x"fl — 2" —x 4 1) provided n is odd.

a’ —1 a’ +1| .
to m = gives
a—1 a—+1

a’ —1 a’ +1
m:
a—1 a—+1

M(a”’l +a" P+ +a+ 1) M(a”’l —a" 7+ —a+ 1)
= M X M
= (a”fl +a" P4 ta+ 1) ><(a"7l —a" P+ —a+ 1)
Both these factors a" " +a" > +---+a+1 and "' —a" > +--—a+1 are
greater than 2 (you can show this by induction).

Now if a is odd then a” is also odd and similarly if a is even then a” is also

even. Therefore adding these implies that 2 ‘ (a” + a) .
By FIT (4.1) we have
D ‘ (apfl — 1)

Since the prime p is odd so p —1 is even so we can write this as p —1=2m

1

where m is an integer. We can factorize "' —1=a"" —1 as

o' —1=2a" —12(&2 —1)(@

2<m71) p m72)

+a" ) 4y +1)

Hence (o’ —1)‘ (a7 ~1). We have p‘ (a7 1) and (a® —1)‘ (a7 1) but we
have chosen our prime such that p /~/ a(a2 _ 1) which implies p /~/ (a2 _ 1).

By question 3(a) of Exercises 2.1:

If p/x then gcd(p, a:)zl.
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Applying this to p/~/(a2 — 1) gives gcd(p, a’ — 1) = 1. By question 12(i) of
Exercises 1.3:

Ifa‘ c, b‘ ¢ and gcd(a, b)zl then ab‘ c.

Applying this to p ‘ (a”fl — 1) and (a2 — 1) (a”fl — 1) yields

oot 1) o ).

Recall the integer m is given by

o a? —1
a’ —1
Re-arranging this we have
m—1= C::__ll—l
_ e’ —1—a* +1 _ a’’ —a’
B o’ —1 B at —1 (T)
From this we deduce that
(m - 1)(a2 - 1) =a —a’ = a(az”f1 - a) = a(ap*1 - 1)(ap + a). (*)

Recall that a” + a is even and from above we have p(a2 — 1) ‘ (af’*l — 1)
therefore from (*) we obtain
Qp(a2 — 1) ‘ (m — 1)(@2 — 1) which implies Qp(a2 — 1)€ = (m — 1)(a2 — 1)
for some integer ¢. Since a >1 so a* —1= 0 and we can cancel this out to give
2pl = (m — 1) which implies m = 2pl + 1.
By the two expanding the left — hand side of (*) we have
(m —1)(a2 —1) = m(a2 —1) —ad’+1=a" -0’ [By (T)}

Adding a® to both sides of this yields

a*’ = m(a2 — 1) +1= 1(m0d m) ()
Recall that m = 2pf +1 so m —1 = 2pl which gives

a" = g? = (aQ”)[ =1'= 1(m0d m)

m—1

Hence we have a” = 1{mod m) and m is composite so it is a base a

pseudoprime.
Since there are infinitely many odd primes p such that

m = aZ; _11 and p/~/a(a2 —1)

a —

so there are infinitely many base a pseudoprimes.
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30. We are asked to proof that
T pfl prz ><---><pf7') = (kl +1>><(k‘2 +1)><---><(k:7, +1)
How do we prove this result?
By mathematical induction.
Proof.
For base case r =1 we need to show that T(plkl) = (k1 + 1). The divisors of pfl
are 1, p,, pf, e pfl so the number of divisors is & +1.
Assume the result is true for r = s:
T(pfl X p;“? ><~-><pf“) = <k1 4—1)><(/~c2 +1>><--~><(ks —I—l) (1)

Required to prove the result for r = s+ 1:

T(plkl ><p§2 ><---><pf~‘ prrll) = (kl +1)><(]{12 +1) ><---><(ks +1)><(k§+1 +1)
Assuming the hint that the T(n) is multiplicative we have

7 (o p xex gl xpl ) = (p xpl e xpl ) xr ()

= (kl +1)><(k2 +1)><---><(ks —i—l)x(ks+1 +1)
by (1)

Hence by mathematical induction we have our result.

31. We are asked to prove x(mgm)fl = 1(m0d (5 X 29 X 73)) .

Proof.
We are given gcd(x, 5) = gcd(:z:, 29) = gcd(:p, 73) =1 so by FLT because 5, 29

and 73 are all prime:
z* 1(m0d 5)

o 1(mod 29)

z"” 1(mod 73)

Applying the rules of indices gives
(ZA )29><73 _ (1)29><73 — 1(m0d 5)

(x28)5X73 = (1>5X73 = l(mod 29)
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(3372>5X29 = (1)5X29 = 1(mod 73)

Multiplying each of these congruences by z yields

— x(mod 5)

R x(mod 29)

A a:(mod 73)
Applying the result of question 8(b) of Exercises 3.4

If = M(mod pj) then z = M(mod P, X Py X Py X "'ka)'
To the above congruences gives
27 = g (mod 5% 29 x 73) (%)

Recall we are given gcd (x, 5) = ged (x, 29) = ged (m, 73) =1 therefore
! (mod 5 x 29 x 73) exists and multiplying (*) by this inverse we have

Pl = T — el = 1(m0d 5 x 29 x 73)

(5x29x73)-1

Hence, we have our result z = l(mod (5 X 29 % 73)) .

ptl

32. We need to prove 2°4°6” (p — 1)2 = (—1) 2 (mod p).
Proof.
2 2
Rewriting the given congruence 2°4°6> <p — 1) = [2 X4 X6 XX (p — 1)} :

2

[2x4x6x - x(p—1)f =|2x 4% x p;?’ X pgl X{p;5 xx(p=3)x(p—1)
:2><4><-~><pT_3>< —pT_l p—I= X"'X(P—?’)X(p_l)r
L L T R ><(—3)X(—1)2
B RO I 1 B BN |
R e e e RU | R
S L NS NS N
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2
All this is equal to [pT—l],] . Why?

Because

p—1 xp_—1_2 p__l_g
2 2 2
p—1

2

p—1
2

p—l_1
2
p—3

2

| = X X XX 3x2x1

p—7
2

p—25
2

XX 3X2X%X1

X

X

X

Therefore we have

[2><4><6><---><(p—1)r:

From the result of question 28 we have

p—1

(p-1p= (1)

By Wilson’s Theorem we have
(p — 1)! =-1 (mod p)

Equating these last two equations gives

=1

Multiplying both sides of this by (—1)T yields

pT—l ! (mod p)

p1 ?
2

p—1
2

!

=_1 (mod p)

2 2

= e =1, _ ! 1 = e ptl

7 o (2] = ot B = o 0 = ) =
=1
We have
2
2L = ()
Putting this into (*) yields
’ piL
224262~-(p—1)2 = pT—l I = (_1)172 (mod p)

This completes our proof.



